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I. INTRODUCTION 
We consider the equation 
(1) m(m + d) . . . (m + (k - l)A) = by! 
in positive integers b, d, k, C, m and y satisfying Z’(b) < k, gcd(m, d) = 1, k > 2 
and e > 2 where P(b) denotes the greatest prime factor of b with the under- 
standing that P( 1) = 1. For e > 7, we intend to show that k is not very large in 
terms of m. The first result on equation (1) is due to Fermat that there are no 
four squares in arithmetical progression. Erdos and Selfridge [4] proved that 
equation (1) with b = d = 1 has no solution. If d = 1 and the left hand side of 
equation (1) is divisible by a prime exceeding k, equation (1) implies that k is 
bounded by an effectively computable absolute constant. See Shorey [7]. Thus 
we assume from now onward that d > 2. Then the left hand side of equation (1) 
is divisible by a prime exceeding k unless (m, A, k) = (2,7,3). See Shorey and 
Tijdeman [ll]. Erdijs conjectured that equation (1) implies that k is bounded by 
an absolute constant. This conjecture was confirmed by Marszalek [6] in the 
case b = 1 and d fixed, Shorey [8] in the case e > 2 and d composed of fixed 
primes and Shorey and Tijdeman [12] in the case ! fixed and d composed of 
fixed number of prime divisors. We shall confirm the conjecture when e > 7 and 
m fixed. This is an immediate consequence of the following result. 
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Theorem. Equation (1) with e 2 7 implies that 
m > kClo&%k - 
where C > 0 is an eflectively computable absolute constant. 
2. LEMMAS 
We start with a result of Shorey and Tijdeman [12, Corollary 4 and 13, 
Theorem l] that gives a lower bound for d in terms of k. 
Lemma 1. Equation (1) implies that 
d > kc’ loglogk 
where Cl > 0 is an eflectively computable absolute constant. 
The next result gives a lower bound for m in terms of d and e. 
Lemma 2. There exist eflectively computable absolute constants Cz and CJ such 
that equation (1) with k > C2 implies that 
(2) 
m 2 dl-c,A, 
where 
A! = P’(log~)210glog(~+ 1). 
This was proved by Shorey [9, Theorem 41. The proof depends on Baker’s 
sharpening [3] on linear forms in logarithms. Linear forms in logarithms with 
o/s very close to 1 appear in the proof of Lemma 2 and the best possible esti- 
mates of Shorey [7, Lemma 21 namely replacing log AI . . . log A, by log A with 
A = maxt < i<n Ai for these linear forms in logarithms are required. Further we 
state a result which is a consequence, as proved in [lo], of a result of Baker [2] 
on the approximations of certain algebraic numbers by rationals. 
Lemma 3. Let A, B, K and n be positive integers such that A > B, K < n, n > 3 
andw = (B/A) ‘In is not a rational number. For 0 < 4 < 1, put 
&I+?$, s=6 
l-4’ 
u, = 4O”(K+‘)(S+ 1)l(Ks- 1) -1 > u2 
= ~2K+S+l40n(K+I), 
Assume that 






4 AqK(“+ 1) 
for all integersp and q with q > 0. 
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An assumption of the form (3) with S = 2 needs to be satisfied in an earlier 
result of Baker [l]. We take S < 2 in the assumption (3) of Lemma 3 and this is 
essential for the appliation under consideration in this paper. The estimate (2) 
of Lemma 2 is trivial in the case that exponent 1 - C3 4 is negative. The next 
result gives a non-trivial estimate in this case also whenever P > 7. The proof 
depends on Lemma 1 and Lemma 3. 
Lemma 4. Let t > 0. There exist efectively computable numbers Cd and C, de- 
pending only on E and C such that equation (1) with k 2 Cb implies that 
(4) m > dl-@+f)l-‘, 
Proof. We may assume that 0 < t < 1 and l) 7. Further we denote by 
cl,. , cg effectively computable positive numbers depending only on F and e. 
We may suppose that k > cl with cl sufficiently large. By equation (l), we have 
(5) m + id = a,~,’ for 0 I i < k 
where a, and xi are positive integers satisfying 
P(ai) < k, gcd xi,np :=l. 
( > p<k 
Next we apply a combinatorial argument due to Erdos [5, Lemma 31. Let S = 
{a~, al,. ? ak _ I} and we write Sr for the set of all a; E S such that X, = 1. For 
every prime p not exceeding k, we take an f(p) E S, such that p does not ap- 
pear to a higher power in the factorisation of any other element of Sr . We write 
S2 for the set obtained from Sr by deleting allf( p) withp I k. Then the product 
of all the elements of S2 does not exceed k! < kk. On the other hand, this 
product is at least d Is1 1 -dk) - ’ . Therefore 
,j /si 1 -a(k) - 1 < ,@ 
which, by Lemma 1, implies that 
IS,/ 5 czk(loglogk))‘. 
Then, since the elements of Sr are distinct, we have 
(6) ITI 2 k - czk(loglogk))’ - 1 
where T is the set of all i with 0 < i < k such that a, @ S1. We apply again the 
above argument of Erdos to obtain a subset Tl by omitting at most n(k) ele- 
ments from T such that the product of all ai with i E T1 is at most kk and we 
observe from (6) that 
IT,1 > k - 2c2k(loglogk))‘. 
Therefore there exists a subset T2 of T, such that 
(7) t2 := IT21 > k(loglogk)-’ 
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and 
(8) ai 5 k1+C3(10g*ogk)m’ f r j E T2. 
By (5), we have 
(91 (j-i)m=j~xf-k+.$ forOsi,j<k. 
We put 
(10) bi = aili for i E T2, 
Let bi = bj with i, j E T2 and i < j. Then we observe from (9) that 
ju,(xP - xi’) = (j - i)m 
which we estimate 
km > a.~!-’ > (~~~~)~~-I)/~ > (m + #e-‘)ia > d1j2 1 t 
and the assertion of the theorem follows from Lemma 1. Thus we may assume 
that the elements (10) are distinct. Further we re-arrange the elements (10) as 
bil < bi2 < “. < bit2 and we write B, = biu for 1 < v < t2. Now we observe from 
(8) that 
Then, by (7), there exists p with 1 < ,U < t2 such that 




Further we observe from (9) with i = ip, j = ip+ 1 and (11) that 
where X, = xi, and X,+1 = xi,,,. We apply Lemma 3 with A = ip sip+ i, 3 = 
ip+lUiM, K = 2, FI = t, qb = C/(E + 12), S = 2 - d/2 and s = S/(1 - 4). The left 
hand side of assumption (3) is equal to 
a1 -‘(i~i,+I)‘-‘g~+,(B,+, - BFIw6. 
By (1 l), we observe that 




Therefore, by (81, the left hand side of (3) exceeds 
~1’(logk)-26(i,ai~+,) ‘-Sk” 2 k2-6-#/4 = kv+ > 1 
if cl is sufficiently large. Hence we conclude from Lemma 3 that 
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By combining (12) and (13), we obtain 
(14) x1;++ < csk?rl. 
By (5) with i = ifi and (8) we observe that 
Finally we derive (4) from (14), (15) and Lemma 1. This completes the proof of 
Lemma 4. U 
3. PROOF OF THE THEOREM 
We may assume that k exceeds a sufficiently large effectively computable ab- 
solute constant. Then, by Lemma 2 and Lemma 1, we may suppose that 
1 - C,A, 5 4 which implies that C is bounded by an effectively computabie 
absolute constant. Then the assertion of the theorem follows from e > 7, 
Lemma 4 with t = i and Lemma 1. 
REFERENCES 
[I] Baker, A. ... Rational approximations to $? and other algebraic numbers. Quart. J. Math. 
Oxford 15 (2), 375-383 (1964). 
[2] Baker, A. -- Simultaneous rational approximations to certain algebraic numbers. Proc. Cam- 
bridge Philos. Sot. 63,693-702 (1967). 
[3] Baker, A. .- The theory of linear forms in logarithms, in: Transcendence Theory: Advances and 
Applications (A. Baker and D.W. Masser, eds.). Academic Press, 1-27 (1977). 
[4] ErdBs, P. and J.L. Selfridge - The product of consecutive integers is never a power. Illinois J. 
Math. 19,292-301 (1975). 
[5] Erdiis. I? - On the product of consecutive integers, III. Indag. Math. 17,8.5-90 (1955). 
[6] Marszalek, R. -- On the product of consecutive elements of an arithmetic progression. Mo- 
na&h. Math. IO!& 215-222 (1985). 
[7] Shorey, T.N. - Perfect powers in values of certain polynomials at integer points. Math. Proc. 
Camb. Phil. Sot. 99, 19.5-207 (1986). 
[8] Shorey, T.N. - Some exponential diophantine equations, in: New Advances in Transcendence 
Theory (A. Baker, ed.). Cambridge University Press, 352-365 (1988). 
[9] Shorey, T.N. - Some exponential diophantine equations (II), in: Number Theory and Related 
Topics (S. Raghavan, ed.). Tata Institute of Fundamental Research, Bombay. 217-229 
(1988). 
[iO] Shorey, T.N. and Yu.V. Nesterenko - Perfect powers in products of integers from a block of 
consecutive integers (II). To appear. 
[II] Shorey, T.N. and R. Tijdeman - On the greatest prime factors of an arithmetical progression, 
in: A Tribute to Paul Erdos (A. Baker, B. Bollobas and A. Hajnal, eds.). Cambridge Uni- 
versity Press, 385-389 (1990). 
[I21 Shorey, T.N. and R. Tijdeman - Perfect powers in products of terms in an arjthmetica~ pro- 
gression. Compositio Math. 75,307-344 (1990). 
[13] Shorey, T.N. and R. Tijdeman .-. Perfect powers in products of terms in an arithmetical pro- 
gression (II). Compositio Math. 82, t 19.-136 (1992). 
525 
